For a ternary [n, k, d] code C with d ≡ 1 or 2 (mod 3), k 3, the diversity (Φ 0 , Φ 1 ) given by
Introduction
Let V (n, q) denote the vector space of n-tuples over GF(q), the field of q elements. We denote the zero vector (0, 0, . . . , 0) by 0. A q-ary linear code C of length n and dimension k is a k-dimensional subspace of V (n, q). The weight of a vector x ∈ V (n, q), denoted by wt(x), is the number of non-zero coordinate positions in x. The Hamming distance d(x, y) between two vectors x, y ∈ V (n, q) is just wt(x − y). The minimum distance of a linear code C is defined by d(C) = min{d(x, y) | x, y ∈ C, x = y}. A q-ary linear code of length n, dimension k and minimum distance d is referred to as an [n, k, d] The code obtained by deleting the same coordinate from each codeword of C is called a punctured code of C. If there exists an [n + 1, k, d + 1] q code C which gives C as a punctured code, C is called extendable (to C ) and C is an extension of C. In this paper we are mainly concerned with ternary linear codes with dimension k 3 (see [6] for the case k 2). See [2, 3, 7, 9, 10] for the extendability of q-ary linear codes.
Let C be an [n, k, d] 3 code with k 3, gcd(3, d) = 1. The diversity (Φ 0 , Φ 1 ) of C is given as the pair of integers:
where the notation x | y means that x is a divisor of y. Let D k be the set of all possible diversities of [n, k, d] 3 codes, which has been already determined in [8] for k 6: (1, 6) , (4, 3) , (4, 6) , (7, 3) ; 
where θ j = (3 j +1 − 1)/2. It is known that D * k is included in D k and that the following theorem holds. Theorem 1.1. [8] Let C be an [n, k, d] 3 code with diversity (Φ 0 , Φ 1 ), gcd(3, d) = 1, k 3. Then C is extendable if one of the following conditions holds:
In this paper we determine D + k for all k 5.
Theorem 1.2.
(1) When k is odd ( 5) : Hence, |D k | = 2k − 1 for all k 3, where |T | denotes the number of elements in a set T . Our main purpose of this paper is to determine all the possible diversities and the corresponding spectra, which yield some important information on the extendability of C, where 'spectrum' is a notion defined geometrically in Section 2. The condition (5) in Theorem 1.1 can be improved as follows.
We define Φ e as follows:
For the non-extendability of ternary linear codes the following is known.
The condition in Theorem 1.4 can be improved according to the diversities in Theorem 1.2, see Theorems 2.9 and 2.10 in Section 2. More results on the non-extendability are also given in Section 2.
When k = 3, it is proved in [8] that D Otherwise, we need more information. Let G = [g 0 , g 1 , g 2 , g 3 ] T be a generator matrix of C, g j ∈ V (n, 3), where V (n, 3) is the n-dimensional row vector space over GF(3) and M T stands for the transpose of a matrix M. Then any codeword c ∈ C can be written as
and since 2 · v also satisfies (1.1), one can select such vectors a 1 , . . . , a Φ e ∈ V (4, 3) any two of which are linearly independent. Similarly, one can find vectors
such that any two of them are linearly independent and that 
Note that the conditions (2) of Theorem 1.6 and (2), (3) of Theorem 1.7 require that Φ e 6. We prove Theorems 1.5-1.8 in Section 3. (1 Other examples where one can apply Theorems 1.6 and 1.7 are given in Section 3.
Diversities of ternary linear codes
We first introduce preliminary notions and results from [8] which are needed for proving our new results presented in Section 1.
The projective geometry of dimension r over GF(q) is denoted by PG(r, q). A j -flat is a projective subspace of dimension j in PG(r, q). 0-Flats, 1-flats, 2-flats, 3-flats, (r − 2)-flats and (r − 1)-flats are called points, lines, planes, solids, secundums and hyperplanes, respectively [4] . We denote by F j the set of j -flats of PG(r, q) and denote by θ j the number of points in a j -flat, i.e., θ j = |PG(j, q)| = (q j +1 − 1)/(q − 1).
Let C be an [n, k, d] q code with a generator matrix G. Then the columns of G can be considered as a multiset of n points in Σ = PG(k − 1, q) denoted also by C. An i-point is a point of Σ which has multiplicity i in C. Denote by γ 0 the maximum multiplicity of a point from Σ in C and let C i be the set of i-points in Σ , 0 i γ 0 . For any subset S of Σ we define the multiplicity of S with respect to C, denoted by m C (S), as
Note that the number of hyperplanes π with m C (π) = i is equal to A n−i /(q − 1) for
Conversely such a partition of Σ as above gives an [n, k, d] q code in the natural manner if there exists no hyperplane containing the complement of C 0 in Σ . Since (length) − (minimum distance) = n − d also holds for an extension of C, we get the following.
Lemma 2.1. C is extendable if and only if there exists a point
Let Σ * be the dual space of Σ (considering F k−2 as the set of points of Σ * ). Then Lemma 2.1 is equivalent to the following:
Lemma 2.2. C is extendable if and only if there exists a hyperplane
Π of Σ * such that Π ⊂ π ∈ F k−2 | m C (π) < n − d . From now on, we assume that C is an [n, k, d] 3 code with diversity (Φ 0 , Φ 1 ), gcd(3, d) = 1, k 3. Define F 0 , F 1 , F e , F andF
as follows:
Then F forms a blocking set with respect to lines in the dual space Σ * of Σ = PG (k − 1, 3) [7] , that is, every line of Σ * meets F in at least one point of Σ * . The following is straightforward from Lemma 2.2.
Lemma 2.3. C is extendable if and only ifF contains a hyperplane of
We denote by F * j the set of j -flats of Σ * , so
Let Λ 1 be the set of all possible (i, j ) for which an (i, j )-line exists in F * 1 . Then we have
1 ) is called the diversity of δ t and the list of c t (i, j )'s is called its spectrum. An easy counting argument yields the following:
where Λ t−1 is the set of all possible (ϕ
). We refer to the above simultaneous six equations as ( * ). Note that the last equation of ( * ) can be replaced by
Assume t = 2. The above six equations ( * ) have the seven solutions in Table 2 .1 [8] . We use the following geometric characterization to find the necessary and sufficient conditions for the extendability of ternary linear codes of dimension 4 in Section 3. Table 2 .1 is the following:
where K = {P 1 , P 2 , P 3 , P 4 } is a (4, 2)-arc (that is, a set of four points in PG(2, 3) no three of which are collinear) and
( P i , P j stands for the line through P i and P j . See [4] for arcs.)
For t = 3, six equations ( * ) have the nine solutions in Table 2 .2 [8] .
From Tables 2.1 and 2 .2, we have 
and the spectrum corresponding to each diversity is uniquely determined as follows:
It follows from Lemmas 2.5 and 2.6 that 
Diversities of types (A-1), (A-2), (B-1), (B-2) in the next theorem are new in Λ t , which were found by Tsunakawa [11] . Theorem 2.8.
(1) When t is odd ( 5):
where T = (t − 3)/2. The spectrum corresponding to each diversity is uniquely determined as follows:
(2) When t is even ( 4):
where U = (t − 4)/2. The spectrum corresponding to each diversity is uniquely determined as follows:
Proof. It is easily checked that (A-1)-(A-7) and (B-1)-(B-7) are solutions of the simultaneous six equations ( * ) when t is odd ( 5) and when t is even ( 4), respectively. We prove that these are the only solutions by induction on t. Since this is already proved in [8] for t = 4, 5, we assume that Λ + t 0 and the corresponding spectra are given as in the theorem for all t 0 , 4 t 0 t, t 5. We solve ( * ) for δ t+1 containing a (4, 3)-plane. Let M be the coefficient matrix of ( * ), that is a 6 × |Λ t | matrix consisting of the columns M i,j :
Assume t is odd ( 5). First we assume that c t+1 (θ t−1 − 3 T +1 , θ t−1 + θ T + 1) > 0 and let Π be a
Let M be the 5 × 5 submatrix of M restricting to the five columns which correspond to these five diversities in Λ t and the first five rows of M. Then it can be calculated that the rank of M is five, so is the rank of M. Hence the six equations ( * ) have at most one solution for given (ϕ
).
• If c t+1 (θ t−1 − 3 T +2 , θ t−1 + θ T +1 + 1) > 0, then all the hyperplanes through a fixed (θ t−2 − 3 T +2 , θ t−2 + θ T +1 + 1)-secundum of δ t+1 have diversity of type (A-4) with s = 1, so
giving the diversity of type (B-4) with s = 1 for δ t+1 .
• If c t+1 (θ t−1 − 3 T +2 , θ t−1 + θ T +1 + 1) = 0 and c t+1 (θ t−1 , θ t−1 + θ T +1 + 1) > 0, then we get
giving the diversity of type (B-2) for δ t+1 .
giving the diversity of type (B-1) for δ t+1 .
Next we assume that c t+1 (θ Now, we assume that there is no hyperplane of δ t+1 whose diversity is new in Λ t , i.e., c t+1 (
)}, and it can be checked that rank M = 5. Since all the hyperplanes through a fixed (θ t−2 , θ t−2 −θ T )-secundum of δ t+1 have diversity of type (A-6) with s = 1, we get the diversity of type (B-6) with s = 1 for δ t+1 . Similarly we obtain the diversity of type (B-7) with s = 1 for δ t+1 from the assumption c t+1 (θ t−1 , θ t−1 + θ T +1 + 1) > 0. Actually, one can get the diversity of type (B-6) (respectively type (B-7)) with s for δ t+1 from a hyperplane having the diversity of type (A-6) (respectively type (A-7)) with s for 1 s T , and the diversity of type (B-4) (respectively type (B-5)) with s + 1 for δ t+1 from a hyperplane having the diversity of type (A-4) (respectively type (A-5)) with s for 1 s T .
If we assume that c t+1 (θ t−1 , 3 t−1 ) > 0 and that none of hyperplanes having the diversity of type (A-1), (A-2), (A-4)-(A-7) exists, then we get the diversity of type (B-3) for δ t+1 . Hence (B-1)-(B-7) are the only solutions of ( * ) when t is odd.
It can be also proved similarly as above that (A-1)-(A-7) are the only solutions of ( * ) for δ t+1 containing a (4,3)-plane when t is even ( 6). 2
Proof of Theorem 1.3. We prove for k 5 (see [8] for k = 3, 4). We can take t as t = k − 1. We denote ϕ 
of (A-j ) and (B-j ) by α(j ) and β(j ), respectively. For 4 j 7, we use α(j, s) and β(j, s) for α(j ) and β(j ) to specify s. Then it holds that α(3) < α(4, T ) = α(6, T ) <
Finally, we give another kind of non-extendable results. For 1 u 3, we define ξ u as follows:
Obviously, for 1 u 3, we have
, k 4, and let c k−1 (i, j )'s be the corresponding spectrum. Then C is not extendable if
Proof. Suppose that C is extendable. Then there exists an
Hence there exists a point P in Σ such that the hyperplanes containing P consists of i hyperplanes from F 0 , j hyperplanes from F 1 and θ k−2 − i − j hyperplanes from F e . Since there are θ k−3 hyperplanes through a fixed line in Σ, we have
Similarly, we obtain the following. and let c k−1 (i, j ) 's are the corresponding spectrum. Then C is not extendable if
Now, let m 1 and m 2 be as follows:
Then we get the following from (2.1) and Lemmas 2.11, 2.12.
, and let c k−1 (i, j )'s are the corresponding spectrum. Then C is not extendable if
Corollary 2.14.
Example 2.1.
(1) There are three [8, 4, 4] (A-3) or (B-3) ), it follows from Lemma 2.7 that
For other types of diversities, m 1 and m 2 are calculated from Theorem 2.8 as Tables 2.3 and 2.4, where T , U and s are taken as in the theorem. The following is a consequence of Lemma 2.13. 
where m ν is given as (2.4) or as in Tables 2.3 
Extendability of ternary linear codes of dimension 4
Let C be an (1) there are three collinear points Q 1 , Q 2 , Q 3 ∈ F e ; (2) there are three non-collinear points Q 1 , Q 2 , Q 3 ∈ F e such that the three lines
Proof. ("only if" part) Assume C is extendable. Then there is an (i, j )-plane δ in Σ * satisfying δ \ F ⊂ F e . Recall that (i, j ) ∈ {(4, 3), (4, 6), (7, 3)} (see Table 2 .2 in Section 2). If δ is a (4, 3)-plane or a (7, 3)-plane, then (1) holds since c 2 (1, 0) > 0 (see Table 2 .1 in Section 2). If δ is a (4, 6)-plane, then (2) holds by Lemma 2.4.
("if" part) Assume that (1) holds and let l be the line containing Q 1 , Q 2 , Q 3 . Then l is a (1, 0)-line, and there are exactly three (4, 3)-planes and one (7, 3)-plane, say δ 1 , through l. 2) there are three non-collinear points P 1 , P 2 , P 3 ∈ F 1 such that the three lines P 1 P 2 , P 2 P 3 , P 3 P 1 are (0, 2)-lines each of which contains two points of F e . Table 2 ,9) , Φ e = 8). Then we can take
Proof. ("only if" part) Assume C is extendable. Then there is an
so that (1) so that (2) so that (2) 
